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Abstract. In this paper, we study gradient Einstein-type structure immersed into a Riemannian
warped product manifold. We obtain some triviality results for the potential function and smooth map
u. We investigate conditions for a gradient Einstein-type structure to be minimal, totally umbilical, or
totally geodesic immersed into a warped product I ×f Mn. Furthermore, we characterize rotational
hypersurface into R×f Rn has a gradient Einstein-type structure.
1. Introduction
Let (Σn, g) be a connected, complete, possibly compact, Riemannian manifold equipped with a metric
of the form
(1)
{
Ricug +Hessh− µdh⊗ dh = λg
τgu = du(∇h),
where
Ricug := Ricg − αu∗〈, 〉N .
We say that the manifold (Σn, g) has a gradient Einstein-type structure if there are a real number
α > 0, u : (Σn, g) −→ (Np, g′) a smooth map with tension field τ(u) = trace∇(du) and smooth
functions h, µ, λ ∈ C∞(M), which satisfy (1). We call h by the potential function and λ the soliton
function.
To simplify the notation, we will refer to this structure as (Σn, g, h, u, µ, λ) and it is classified into
three types according to the sign of λ: expanding if λ < 0, steady if λ = 0 and shrinking if λ > 0.
The metric defined in (1) generalizes many other that have been intensively studied by researchers
in the last years. Indeed, if h is a constant function, (1) characterizes a harmonic Einstein metric in
Σn, in this case, we also say that the metric is trivial, note that, in the particular case in which h, u are
constant, (1) becomes an Einstein metric. In the case µ = 0, λ ∈ R and u a constant function we obtain
a gradient Ricci soliton, that are special self-similar solutions to the Ricci flow defined by R. Hamilton
in [23]. The Ricci soliton played an extremely important role in the study of the Ricci flow, namely the
Poincare´ conjecture, see [22]. For more details about gradient Ricci solitons, see [6, 12, 13, 15, 25, 28].
If u is a constant map, λ ∈ R and µ = 1/m, then (1) describes a quasi-Einstein manifold for any m > 0.
Taking nonconstant functions µ and λ, we obtain the generalized µ−quasi-Einstein manifold. For µ = 0
and λ ∈ R the metric (1) defines a gradient Ricci harmonic soliton which is a special solution of the Ricci-
harmonic flow introduced by R. Muller [26]. The Ricci harmonic flow is the combination of harmonic
map heat flow defined by Eells and Sampson [20] and the Ricci Flow. Thus, the study of geometric
and analytical properties of these solitons and their generalizations are important for understanding the
behavior of the Ricci flow and the harmonic Ricci flow. Regarding the geometry of an Einstein-type
structure, it is possible to study it from two different points of view, namely, the intrinsic geometry
and the submanifolds geometry. From the intrinsic point of view, Anselli et al. in [4] obtained several
results for the Einstein-type structure introducing the concept of the u−curvatures. In this direction,
performing with a conformal deformation of a harmonic Einstein metric, the authors obtain a solution
of (1), for n ≥ 3 and µ = −1/(n−2). Moreover, they provided basic formulas for compact Einstein-type
structure in order to provide “gap” and rigidity results.
In relation to the study of the geometry of the submanifolds, there are many interesting and important
works developed in the last decades on Ricci soliton, almost Ricci soliton and Yamabe soliton, see
[8, 13, 14]. For instance, Barros et al. in [8] studied conditions and obstructions for an isometric
immersion of an almost Ricci soliton into a space form to be minimal, totally umbilical, or totally
geodesic. In addition, they obtained some rigidity results for compact immersion. On the other hand,
Chen, Bang-Yen, and Deshmukh obtained a classification of Ricci solitons with concurrent potential
2010 Mathematics Subject Classification. 53C21, 53C50, 53C25.
1
ar
X
iv
:2
01
0.
02
48
7v
1 
 [m
ath
.D
G]
  6
 O
ct 
20
20
2 BATISTA, E. 1, ADRIANO, L. 2, AND TOKURA, W. 3
vector field. Also, they provide a necessary and sufficient condition for a isometric immersion to be a
Ricci soliton into a manifold equipped with a concurrent vector field, see [13]. Abdeˆnago Barros et al.
proved in [7] that a compact almost Ricci soliton with Ricci tensor being Codazzi, is isometric to the
Euclidean sphere, having the height function as the potential. Aquino et al. in [5], was studied the
gradient almost Ricci solitons immersed into the space of constant sectional curvature Mn+1 ⊂ Rn+2,
where the potential function is given by the height function from the soliton associated to a fixed
direction on Rn+2. Therefore, the works above provide us with excellent motivation to study Einstein-
type structures where the potential function is given by the height function. Moreover, to extend the
previous works to a larger class of ambient spaces, it appears convenient to consider the immersions
into a sufficiently large family of manifolds, including spaces of constant sectional curvature. A natural
metric, which includes the spaces of constant sectional curvature in its range, is described by warped
product metrics [27]. Warped product metrics have already proven themselves to be a profitable ambient
space to obtain a wide range of distinct geometrical proprieties for immersions (cf. [2, 10, 16, 17, 18]).
The aim of this paper is to study Einstein-type structures immersed into warped product space
M
n+1
= I ×f Mn, with potential function given by the height function h = piI ◦ φ, where φ : Σn −→
M
n+1
is an isometric immersion, I ⊂ R, Mn be a Riemannian manifold and f : I −→ (0,∞) a
smooth function. Firstly, We investigate conditions for an Einstein-type structure immersed into a
warped product to be minimal, totally umbilical, or totally geodesic, similarly to what was done in [8].
Secondly, we provide triviality results for the potential function h and the smooth map u. Finally, we
characterize the rotational gradient Einstein-type hypersurfaces into R×f Rn.
2. Preliminaries
Let M
n+1
= I ×Mn be Riemannian product where I ⊂ R and Mn be a connected, n-dimensional
oriented Riemannian manifold. Consider on M
n+1
the metric
〈 , 〉 = pi∗I (dt2) + f2(piI)pi∗M (gM ),
where piI and piM to be the canonical projection in I and M , respectively and f : I → (0,∞) a smooth
function. This space is called a warped product manifold with base I, fiber Mn and warping function
f . In this setting, for a fixed t0 ∈ R, we say that Σnt0 := {t0} ×Mn is a slice of M
n+1
.
Let∇ and∇ the Levi-Civita connection in I×fMn and Σn, respectively. Then, the Gauss-Weingarten
formulas for a isometric immersion φ : Σn −→Mn+1 = I ×f Mn are give by
(2) ∇XY = ∇XY + 〈AX,Y 〉N, AX = −∇XN,
for all X,Y ∈ X(Σ), where A : TΣn → TΣn denotes the shape operator of Σn with respect to its Gauss
map N .
If we consider the height function h := piI ◦ φ and the angle function θ = 〈N, ∂t〉 where ∂t is the
standard unit vector field tangent to I, then by a straightforward computation we obtain that
∇piI = 〈∇piI , ∂t〉∂t = ∂t,
so, the gradient of h on Σn is
(3) ∇h = (∇piI)> = ∂>t = ∂t − θN,
where ( · )> denotes the tangential component of a vector field in X(M) along Σn. By (3), we derive
|∇h|2 = 1− θ2,
where | · | denotes the norm of a vector field on Σn.
It is well known that the Gauss equation of the immersion φ : Σn →Mn+1 is given by
(4) 〈R(X,Y )Z,W 〉 = 〈(R(X,Y )Z)>,W 〉+ 〈AX,Z〉〈AY,W 〉 − 〈AY,Z〉〈AX,W 〉,
for every tangent vector fields X,Y, Z and W ∈ X(Σ).
Denote by Ric the Ricci tensor of Σn and consider a local orthonormal frame {Ei}ni=1 of X(Σ). Then,
it follows from the Gauss equation (4) that
(5) Ricu(X,Y ) =
n∑
i=1
〈R(X,Ei)Y,Ei〉+ nH〈AX,Y 〉 − 〈AX,AY 〉 − αdu⊗ du(X,Y ),
and
(6) Ru =
n∑
i,j=1
〈
R(Ei, Ej)Ei, Ej
〉
+ n2H2 − |A|2 − α|∇u|2,
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where Ricu = Ric− αdu⊗ du and Ru = R− α|∇u|2 is the u−scalar curvature of Σn. When Mn+1 is a
space form of constant sectional curvature c, we have the identity
(7) Ru = n(n− 1)c+ n2H2 − |A|2 − α|∇u|2.
Moreover, taking into account the properties of the Riemannian curvature tensor R of a warped product
(see for instance Proposition 7.42 in [27]), we arrive at
R(X,Y )Z = RM (X∗, Y ∗)Z∗ − [(log f)′(h)]2 [〈X,Z〉Y − 〈Y,Z〉X]
+ (log f)′′(h)〈Z, ∂t〉 [〈Y, ∂t〉X − 〈X, ∂t〉Y ]
− (log f)′′(h) [〈Y, ∂t〉〈X,Z〉 − 〈X, ∂t〉〈Y, Z〉] ∂t,
where RM is the curvature tensor of the fiber Mn and X∗ = X − 〈X, ∂t〉∂t, E∗i = Ei − 〈Ei, ∂t〉∂t are,
respectively, the projections of the tangent vector fields X and Ei onto M
n. Thus, we obtain that
n∑
i=1
〈R(X,Ei)X,Ei〉 =f(h)−2
n∑
i=1
KM (X∗, E∗i )
[
|X|2 − 〈X,∇h〉2 − |X|2〈∇h,Ei〉2
− 〈X,Ei〉2 + 2〈X,∇h〉〈X,Ei〉〈∇h,Ei〉
]
+ [(log f)′(h)]2
(
|∇h|2
− (n− 1)
)
|X|2 − (n− 2)(log f)′′(h)〈X,∇h〉2 − f
′′
f
|∇h|2|X|2,
(8)
where KM is the sectional curvature of Mn, and hence from (6), the u−scalar curvature of Σn into
I ×f Mn takes the following form
Ru = f(h)−2
n∑
i,j=1
KM (E∗j , E
∗
i )
[
1− 〈Ej ,∇h〉2 − 〈∇h,Ei〉2 − 〈Ej , Ei〉2
+ 2〈Ej ,∇h〉〈Ej , Ei〉〈∇h,Ei〉
]
+ n[(log f)′(h)]2
(|∇h|2 − (n− 1))
− (n− 2)(log f)′′(h)|∇h|2 − nf
′′
f
|∇h|2 + n2H2 − |A|2 − α|∇u|2.
(9)
In what follows, we provide necessary and sufficient conditions for a hypersurface Σn into I ×f Mn
has a gradient Einstein-type structure with potential function h = piI ◦ φ.
Proposition 2.1. Let φ : Σn −→ Mn+1 = I ×f Mn be an isometric immersion. Then (Σn, g) has a
gradient Einstein-type structure with potential h = piI ◦ φ if, and only if,
Ricu(X,Y ) =
(
λ− f
′(h)
f(h)
)
g(X,Y ) +
(
µ+
f ′(h)
f(h)
)
dh⊗ dh(X,Y )− θg(A(X), Y ),
τgu = du(∇h).
(10)
Proof. Since h = piI ◦ φ, we have from ([3], pg 55) that
(11) Hessh(X,Y ) =
f ′(h)
f(h)
[g(X,Y )− dh⊗ dh(X,Y )] + θg(AX,Y ).
Replacing (11) in (1) we arrive at (10). 
The following proposition due to Caminha et al. [11] is a generalization of the H. Hopf’s Theorem
on a complete noncompact oriented Riemannian manifold, and it will be used to prove one of our main
results.
Proposition 2.2. ([11]) Let X be a smooth vector field on the n dimensional complete, noncompact,
oriented Riemannian manifold Σn, such that divX does not change sign on Σ. If |X| ∈ L1(Σ), then
divX = 0 on Σ.
Next, we present to the following formula quoted from [4], in which it is an adaptation of the Bochner’s
formula to Einstein-type structure, and will be useful in our next result.
Proposition 2.3. ([4]) Let Σn be an n-dimensional Riemannian manifold with an Einstein-type struc-
ture with µ ∈ R. Then
(12)
1
2
∆h|∇h|2 = |Hessh|2 + α|τgu|2 + (2µλn− λ− 2µRu)|∇h|2 + µ(2µ− 1)∇h|4 − (n− 2)〈∇λ,∇h〉,
where ∆h|∇h|2 = ∆h− 〈∇h,∇|∇h|2〉.
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3. Examples
Proceeding, we present examples of hypersurface with Einstein type structure isometrically immersed
into I ×f Mn.
Example 3.1. Let (Sn, g) be a standard sphere immersed into Euclidean space ((0,+∞)×Sn, g0), where
g0 = dt
2 + t2g1, g1 is standard metric of the n-sphere. To consider u = Id : Sn −→ Sn, if we taken the
height function from the sphere, then (Sn, g) have a gradient Einstein-type structure with height function
as the potential and soliton function given by λ = n+ 1− α.
Example 3.2. Consider Σn = (0,+∞)× Sn−1 immersed into R× Rn furnished with metric tensor
g = ds2 +
(
2 arctan
(
tanh
(s
2
)))2
dv2,
and angle function θ(s) =
√
1− tanh(s)2. Hence, if we get a real number α > 0 and functions h, u, µ, λ
given by
h(s, v1, ..., vn−1) = log(cosh(s)), u(s, v1, ..., vn−1) = sinh(s),
µ = −n− 2 + 2 arctan
(
tanh
(
s
2
))
coth(s) csch(s)
4 arctan
(
tanh
(
s
2
))2
(
tanh(s)− n tanh(s) +
√
sech(s)2 tanh(s)2√
sech(s)2
+2 arctan
(
tanh
(s
2
))(
α cosh(s)1+2 coth(s)
√
tanh(s)2 − csch(s)
√
tanh(s)2
))
λ(s, v1, ..., vn−1) =
(n− 2) tanh(s)2 + 2 arctan(tanh ( s2)) sech(s)√tanh(s)2
(4 arctan(tanh
(
s
2
)
)2)
,
we deduce that Σn has a gradient Einstein-type structure with height function as the potential function
(see Figure 1 ), more details can be seen in the section 5.
Figure 1. Rotational gradient Einstein-type structure immersed into Euclidean space.
Example 3.3. Consider Σn be a rotational hypersurface in R × Rn with constant angle function. By
[19] Σn can be expressed by the warped product (0,+∞) ×σ Sn−1 furnished with metric tensor g =
ds2 + σ(s)2dv2, where σ(s) = θs+ c1. Hence, if we get the functions h, u, µ and λ given by
h(s, v1, ..., vn−1) =
√
1− θ2s+ c3, u(s, v1, ..., vn−1) = c1e
√
1−θ2s
√
1− θ2 + c2
,
λ(s, v1, ..., vn−1) =
(θs+ c4)θ
√
1− θ2 + (n− 2)(1− θ2)
(θs+ c4)2
,
µ(s, v1, ..., vn−1) =
−(n− 2)
(θs+ c4)2
− θ
√
1− θ2
(1− θ2)(θs+ c4) − α
c21e
2
√
1−θ2s
1− θ2 ,
where α > 0 and c1, c2, c3, c4 ∈ R we deduce that Σn has a gradient Einstein-type structure with height
function as the potential function.
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Example 3.4. Consider Σn = (0, pi) × Sn−1 immersed into R × Rn furnished with metric tensor
g = ds2 + (s/2 + sin(2s)/4)2dv2, and angle function θ(s) = cos(s)2. Hence, if we get real number
α > 0 and functions h, u, µ, λ given by
h(s, v1, ..., vn−1) = −
√
1− cos4(s)
(√
cos(2s) + 3 cot(s) +
√
2 csc(s) log
(√
2 cos(s) +
√
cos(2s) + 3
))
2
√
cos(2s) + 3
,
µ(s, v1, ..., vn−1) =
16(n− 1) cot(s)
(2s+ sin(2s))(cos(2s) + 3)
− 2 sin(s) cos
2(s)(sin(s)− s cos(s))
(1− cos4(s))3/2 (s+ sin(s) cos(s))
+ αc21 −
16(n− 2)
(2s+ sin(2s))2
,
λ(s, v1, ..., vn−1) = −αc21 −
16(n− 2) (cos4(s)− 1)
(2s+ sin(2s))2
+
2 cos2(s)
√
1− cos4(s)
s+ sin(s) cos(s)
,
u(s, v1, ..., vn−1) = c1vk + c2, for some k ∈ {1, 2, ..., n− 1}.
We deduce that Σn has a gradient Einstein-type structure with height function as the potential function.
Figure 2. Rotational gradient Einstein-type structure immersed into Euclidean space.
4. Results and Proofs
In [4] the authors proved that any compact Einstein-type manifold with bounded Ricci tensor sat-
isfying some inequalities involving the functions µ and λ is Einstein harmonic. In this way, our first
result provide a necessary condition for a compact immersion with a gradient Einstein-type structure
to be trivial.
Theorem 4.1. Let (Σn, g, h, u, µ, λ) be a compact Einstein-type structure immersed on I ×f Mn with
h = piI ◦ φ. If the mean curvature of Σn satisfies 0 ≤ H ≤ (log f)′(h), then Σn is Einstein harmonic.
Proof. From the trace in (11), we deduce
∆h =
f ′(h)
f(h)
(
n− |∇h|2)+ nθH.
Therefore,
∆h+ 〈∇(log f)′(h),∇h〉 = nf
′(h)
f(h)
+ nθH = n
(
f ′(h)
f(h)
+ θH
)
≥ 0.(13)
Hence, it follows from the maximum principle, see page 35 of [3], that h is constant, so Σn is a slice.
Finally, taking into account equation (1), we get that Σn is an Einstein harmonic manifold. 
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Remark 4.2. Note that a direct consequence of the Theorem 4.1 is that whenever Σn is compact, we
have that Mn is compact.
In the particular case in which the ambient space is a space form, we obtain the following classifica-
tions.
Corollary 4.3. Let (Σn, g, h, u, µ, λ) be a compact Einstein-type structure immersed on Euclidean space
(0,+∞)×t Sn with h = piI ◦φ. If the mean curvature of Σn satisfies 0 ≤ H ≤ h−1, then Σn is isometric
to a round sphere.
Proof. From Theorem 4.1, we have that Σn = {t0} × Sn, with h(x) = t0 ∈ (0,+∞), and from the
induced metric, we get that g = t20gSn , i.e., (Σ
n, g) is isometric to Euclidean sphere (Sn, t20gSn). 
Corollary 4.4. Let (Σn, g, h, u, µ, λ) be a compact Einstein-type structure immersed on Euclidean sphere
(0, pi)×sin tSn, with h = piI ◦φ. If the mean curvature of Σn satisfies 0 ≤ H ≤ coth, then Σn is isometric
to a round sphere.
Corollary 4.5. Let (Σn, g, h, u, µ, λ) be a compact Einstein-type structure immersed on Hyperbolic
sphere (0,+∞) ×sinh t Sn, with h = piI ◦ φ. If the mean curvature of Σn satisfies 0 ≤ H ≤ cothh, then
Σn is isometric to a round sphere.
In [8] the authors considered isometric immersion of an almost Ricci soliton (Mn, g,X, λ) in spaces
form M(c)n+p of sectional curvature c. They proved that if |X| ∈ L1(M) and λ ≥ (n− 1)(c+H2), then
Mn is totally umbilical submanifold in M(c)n+p. In this direction, we obtain necessary conditions for
a hypersurface with an Einstein-type structure immersed in I ×f Mn to be totally geodesic or totally
umbilical. In addition, we derive conditions for nonexistence of minimal immersion of an gradient
Einstein-type structure into a warped product.
Theorem 4.6. Let φ : Σn −→ I ×f Mn be an isometric immersion of a non-compact Einstein-type
structure (Σn, g, h, u, µ, λ) whose fiber Mn has sectional curvature kM ≤ infI(f ′2−ff ′′) with µ ∈ R, µ ≥
1/2 and Σn not being a slice, then the following statements holds
(a) If |e−h∇|∇h|2| ∈ L1(Σ), 〈∇λ,∇h〉 ≤ 0 and the soliton function satisfies
λ ≥ −2µ
2µn− 1
(
n(n− 1)f
′′(h)
f(h)
− n2H2 + α|∇u|2
)
,
then, Σn is totally geodesic hypersurface of I ×f Mn.
(b) If |e−h∇|∇h|2| ∈ L1(Σ), 〈∇λ,∇h〉 ≤ 0 and the soliton function satisfies
λ ≥ −2µ
2µn− 1
(
n(n− 1)
(
f ′′(h)
f(h)
−H2
)
+ α|∇u|2
)
,
then, Σn is totally umbilical hypersurface of I ×f Mn.
Proof. By Proposition 2.3 we have
ehDiv(e−h∇|∇h|2) = 1
2
∆h|∇h|2 ≥ (2µλn− λ− 2µRu)|∇h|2 + µ(2µ− 1)|∇h|4
−(n− 2)〈∇λ,∇h〉.
(14)
Using the hypothesis for estimate the u−scalar curvature of Σ in (9), we obtained
Ru ≤ infI(f
′2 − ff ′′)
f2
(n− 1)(n− 2|∇h|2)+ n[(log f)′(h)]2 (|∇h|2 − (n− 1))
− (n− 2)(log f)′′(h)|∇h|2 − nf
′′
f
|∇h|2 + n2H2 − |A|2
≤ −(n− 1)(log f)′′(h)(n− 2|∇h|2)+ n[(log f)′(h)]2 (|∇h|2 − (n− 1))
− (n− 2)(log f)′′(h)|∇h|2 − nf
′′
f
|∇h|2 + n2H2 − |A|2
≤ −n(n− 1)f
′′(h)
f(h)
+ n2H2 − |A|2 − α|∇u|2.
(15)
Replacing (15) in (14) we deduce
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ehDiv(e−h∇|∇h|2) ≥ (2µλn− λ− 2µRu)|∇h|2 + µ(2µ− 1)|∇h|4 − (n− 2)〈∇λ,∇h〉
≥
(
2µλn− λ+ 2µn(n− 1)f
′′(h)
f(h)
− 2µn2H2 + 2µα|∇u|2
)
|∇h|2
+ 2µ|A|2|∇h|2 + µ(2µ− 1)|∇h|4 − (n− 2)〈∇λ,∇h〉 ≥ 0.
(16)
Therefore, the item a) follows from the Proposition 2.2. Now, equation (16) implies that
ehDiv(e−h∇|∇h|2) ≥
(
2µλn− λ+ 2µn(n− 1)f
′′(h)
f(h)
− 2µn(n− 1)H2 + 2µα|∇u|2
)
|∇h|2
+ 2µ|Φ|2|∇h|2 + µ(2µ− 1)|∇h|4 − (n− 2)〈∇λ,∇h〉 ≥ 0,
where Φ is the traceless second fundamental form of Σn, namely, Φ = A −HI, which satisfies |Φ|2 =
tr(Φ2) = |A|2 − nH2 ≥ 0. Applying the Proposition 2.2 we conclude the result. 
Theorem 4.7. Let φ : Σn −→ I ×f Mn, to be a isometric immersion of a gradient Einstein-type
structure, with poitential function h = piI ◦ φ, 0 < µ ∈ R and f a convex function. If λ > 0 and
kM ≤ f ′2, then φ can not be minimal.
Proof. The following inequalities, in the sense of quadratic forms, hold
0 ≤ u∗〈, 〉N ≥ |du|2g.
Hence, (1) becomes
Ricg +Hessh− µdh⊗ dh ≥ (λ+ α|du|2)g ≥ λg.
Since sup |∇h| < ∞, then from [30] we conclude that (Σn, g) is a compact gradient Einstein-type
structure with finite fundamental group. On the other hand, assuming that Σn is minimal and using
the properties of the warped product metric we have that the sectional curvature of M
n+1
= I ×f Mn
is
K∂tV = −
f ′′
f
≤ 0, KVW = KM − f
′2
f2
≤ 0,
where V,W ∈ X(M). Thus, by [21] we have that (Σn, g) is a minimal compact gradient Einstein-type
structure with infinite fundamental group. So, we obtain a contradiction and this completes the proof
of the theorem.

In sequence, we provide a necessary condition for a compact gradient Einstein-type structure im-
mersed into a Riemannian warped product be totally umbilical hypersurface, where we do not consider
hypotheses about the soliton function λ and sectional curvature of Mn.
Theorem 4.8. Let (Σn, g, h, u, µ, λ) to be a compact manifold with gradient Einstein-type structure
immersed into a Riemannian warped product I ×f Mn. If Ru is constant, µ = −f ′(h)/f(h) and θ does
not change sign, then Σn is a totally umbilical hypersurface of I ×f M .
Proof. From fundamental equation (10) and Theorem 5.21 in [4] we obtained
ξg(X,Y )−
(
λ− f
′(h)
f(h)
)
g(X,Y ) = −θg(X,Y ),
for some function ξ ∈ C∞(Σ), thus, for a local orthonormal {Ei}ni=1 of X(Σ) associated with the
Weingarten operator, i.e., A(Ei) = λiEi, where {λi}ni=1 are the principal curvatures of Σn, we have(
ξ −
(
λ− f
′(h)
f(h)
))
δij = −θλiδij ,
which implies that
λi = −θ−1
(
ξ −
(
λ− f
′(h)
f(h)
))
, 1 ≤ i ≤ n.
Therefore, Σn is totally umbilical with mean curvature H = −θ−1
(
ξ −
(
λ− f ′(h)f(h)
))
. 
We pointed out that an interesting question is known in what conditions a gradient Einstein-type
structure has u−constant map. In such a case the Einstein-type structure turns out a generalized quasi-
Einstein, see for instance [1, 24, 29]. In the following, by means of a inequality involving the soliton
function, we provide a condition for an Einstein-type structure to has u−constant map.
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Theorem 4.9. Let (Σn, g, h, u, µ, λ) be a gradient Einstein-type structure immersed into I×fMn, where
fiber Mn has sectional curvature kM ≤ infI(f ′2 − ff ′′). If
λ ≥ f
′(h)
f(h)
− (n− 1)f
′′(h)
f(h)
+
∣∣∣∣µ+ f ′(h)f(h)
∣∣∣∣+H(nH + θ),
then u is a constant map.
Proof. From the tracing in fundamental equation (10) of Proposition 2.1 we have
Ru = n
(
λ− f
′(h)
f(h)
)
+
(
µ+
f ′(h)
f(h)
)
|∇h|2 − nθH.(17)
Comparing (15) and (17) we get
n
(
λ− f
′(h)
f(h)
)
+
(
µ+
f ′(h)
f(h)
)
|∇h|2 − nθH ≤ −n(n− 1)f
′′(h)
f(h)
+ n2H2 − |A|2 − α|∇u|2.
Therefore, since |∇h|2 ≤ 1, we have
α|∇u|2 ≤ −n(n− 1)f
′′(h)
f(h)
+ n2H2 − nH2 − |φ|2 − n
(
λ− f
′(h)
f(h)
)
−
(
µ+
f ′(h)
f(h)
)
|∇h|2 + nθH
≤ n
(
−(n− 1)f
′′(h)
f(h)
− λ+ f
′(h)
f(h)
+
∣∣∣∣µ+ f ′(h)f(h)
∣∣∣∣+H(nH + θ)) ≤ 0.
Thus, u is a constant map. 
Next, we obtain a characterization for minimal gradient Einstein-type structure immersed into a
space form. The proof is an immediate consequence of the Theorem 4.9.
Corollary 4.10. Any minimal gradient Einstein-type structure (Σn, g, h, u, µ, λ) immersed on Rn+1
with λ ≥ |µ| is a µ-quasi Einstein structure, i.e., u is a constant map.
Corollary 4.11. Any minimal gradient Einstein-type structure (Σn, g, h, u, µ, λ) immersed on hyperbolic
space R×et Rn with λ ≥ |µ+ 1| − (n− 2) is a µ-quasi Einstein structure, i.e., u is a constant map.
Corollary 4.12. Any minimal gradient Einstein-type structure (Σn, g, h, u, µ, λ) immersed on Euclidean
sphere (0, pi)×sin t Sn with
λ ≥ cot(h) + (n− 1)|µ+ cot(h)|,
is a µ-quasi Einstein structure, i.e., u is a constant map.
Note that in Theorem 4.1, we assume the compacteness of Σ and we get a trivialization for the
potential function h. Now, assuming Σ non-compact, we deduce the following similar result.
Theorem 4.13. Let (Σn, g, h, u, µ, λ) be an non-compact gradient Einstein-type structure with µ > − f ′f
immersed into I ×fMn whose fiber Mn has sectional curvature kM ≤ infI(f ′2− ff ′′). If A(∇h) = ρ∇h
for some smooth function ρ, then the following statements holds
(a) If ∆ =
f ′
f
− (n− 1)f
′′
f
− λ ≤ 0, then (Σn, g) is Einstein harmonic.
(b) If ∆ =
f ′
f
− (n− 1)f
′′
f
− λ > 0 and
ρ ≤ nH + θ −
√
∆
2
, or
nH + θ +
√
∆
2
≤ ρ,
then (Σn, g) is Einstein harmonic.
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Proof. From the curvature assumption kM ≤ infI(f ′2−ff ′′) jointly with equations (5) and (8) we arrive
at
RicΣ(∇h,∇h) =
n∑
i=1
〈R(∇h,Ei)∇h,Ei〉+ nH〈A(∇h),∇h〉 − 〈A(∇h), A(∇h)〉
≤ − log f ′′(h)
n∑
i=1
[
|∇h|2 − |∇h|4 − |∇h|2〈∇h,Ei〉2 − 〈∇h,Ei〉2 + 2|∇h|2〈∇h,Ei〉2
]
+ [(log f)′(h)]2
(
|∇h|2 − (n− 1)
)
|∇h|2 − (n− 2)(log f)′′(h)|∇h|4 − f
′′(h)
f(h)
|∇h|4
+ nH〈A(∇h),∇h〉 − 〈A(∇h), A(∇h)〉
≤ −f
′′(h)
f(h)
(n− 1)|∇h|2 + nH〈A(∇h),∇h〉 − 〈A(∇h), A(∇h)〉.
By the fundamental equation (10), we get
RicuΣ(∇h,∇h) =
(
λ− f
′(h)
f(h)
)
|∇h|2 +
(
µ+
f ′(h)
f(h)
)
|∇h|4 − θ〈A(∇h),∇h〉,
and taking into account that RicΣ(∇h,∇h) = RicuΣ(∇h,∇h) + α|τgu|2 we deduce
0 ≤ α|τgu|2 +
(
µ+
f ′
f
)
|∇h|4 ≤
(
f ′
f
− f
′′
f
(n− 1)− λ+ (nH + θ)ρ− ρ2
)
|∇h|2.
The result follows from the analysis of the roots of
−ρ2 + (nH + θ)ρ+ f
′
f
− (n− 1)f
′′
f
− λ = 0.

In the same settings as the above theorem, if the angle function θ is constant, then, we obtain that
∇h is an eigenvector of A with A(∇h) = − cos(θ) f ′f ∇h, see [? ]. So, we obtained straight of Theorem
4.13 the following characterization.
Corollary 4.14. Let (Σn, g, h, u, µ, λ) be an gradient Einstein-type structure with µ > − f ′f immersed
into I ×f Mn whose fiber Mn has sectional curvature kM ≤ infI(f ′2 − ff ′′). If Σn has constant angle
and the items a) and b) of the Theorem 4.13 hold, then Σn is Einstein Harmonic.
Corollary 4.15. Let (Σn, g, h, u, µ, λ) be an gradient Einstein-type structure with µ > −cot(t) immersed
on Euclidean sphere (0, pi)×sin t Sn. If Σn has constant angle and the soliton function satisfies
λ ≥ cot(t) + n− 1,
then Σn is Einstein harmonic.
Corollary 4.16. Let (Σn, g, h, u, µ, λ) be an gradient Einstein-type structure with µ > −1 immersed on
Hyperbolic space R×et Rn. If Σn has constant angle and the soliton function satisfies
λ ≥ 2− n,
then Σn is Einstein harmonic.
Corollary 4.17. Let (Σn, g, h, u, µ, λ) be an gradient Einstein-type structure with µ > 0 immersed on
Euclidean space R × Rn. If Σn has constant angle and the soliton function λ ≥ 0 then Σn is Einstein
harmonic.
In the previous results we considered isometric immersion of gradient Einsten-type structure where
the smooth map u : Σn −→ Np was not fix. If we choose u = φ, we obtain the following results
considering an isometric immersion of an Einstein-type gradient structure into the warped product
I ×f Mn.
Theorem 4.18. Let φ : Σn −→ I×fMn be a isometric immersion of an gradient Einstein-type structure
(Σn, g, h, u, µ, λ) whose fiber Mn has sectional curvature kM ≤ infI(f ′2 − ff ′′), with φ = u, then the
following statements holds
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(a) There is no isometric immersion of a gradient Einstein-type structure into I ×f Mn with λ ≥
−(n− 1) f ′′(h)f(h) .
(b) If λ ≥ −(n − 1) f ′′(h)f(h) − αn |∇u|2, then Σn is Einstein harmonic totally geodesic in I ×f Mn.
Furthermore, the smooth map u is given by |∇u|2 = n
(
−(n− 1) f ′′(h)f(h) − λ
)
.
Proof. First, if u is an isometric immersion, then τgu = nH (see [3]). Note that du(∇h) is tangent to Σ,
while nH is normal to Σ, therefore, by (1) it follows that Σn is harmonic Einstein minimally immersed
in I ×f Mn. In addition, by [4] we get that λ is constant. Replacing Ru = nλ in (6), we obtain
α|∇u|2 ≤ −n(n− 1)f
′′(h)
f(h)
− nλ− |A|2 ≤ 0,
therefore, u is a constant map, which is a contradiction, since u is a isometric immersion. Now, regarding
item (b), assuming the hypothesis in sectional curvature of Mn, we have
|A|2 ≤ n
(
−(n− 1)f
′′(h)
f(h)
− λ− α
n
|∇u|2
)
≤ 0,
thus, Σn is totally geodesic with |∇u|2 = n
(
−(n− 1) f ′′(h)f(h) − λ
)
. 
Corollary 4.19. There is no isometric immersion φ of a gradient Einstein-type structure shrinking
into Sn+1 with u = φ.
Corollary 4.20. Let (Σn, g, h, u, µ, λ) be a compact gradient Einstein-type structure immersed by φ
into a space form M(c)n+1 of sectional curvature c. If λ ≥ (n − 1)c − αn |∇u|2 and u = φ , then Σn is
isometric to Sn.
5. Rotational hypersurface with Einstein type structure
In this section, we present a characterization of rotational hypersurface gradient Einstein-type im-
mersed into R ×f Rn with potential h := piI ◦ φ and angle function |θ| < 1. Following Dajczer and do
Carmo paper [19], we shall use the terminology of rotational hypersurface in R×f Rn as a hypersurface
invariant by the orthogonal group O(n) seen as a subgroup of the isometries group of R×f Rn.
Initially, consider the coordinates (t, x1, . . . , xn), as well as the standard orthonormal basis {η1, . . . , ηn+1}
of R×f Rn. Then, up to isometry, we can assume the rotation axis to be η1. Consider a parametrized
by the arc length curve in the txn plane given by
γ : (t0, t1) −→ R×f Rn
s 7−−→ (ζ(s), 0, . . . , 0, β(s)).
Rotating this curve around the t-axis we obtain a rotational hypersurface in R ×f Rn. Now, in or-
der to obtain a parametrization of a rotational hypersurface, consider the unit sphere Sn−1 ⊂ Rn =
span{η2, . . . , ηn+1} with orthogonal parametrization given by
X1 = cos v1, X2 = sin v1 cos v2, X3 = sin v1 sin v2 cos v3, . . .
Xn−1 = sin v1 sin v2. . . . sin vn−2 cos vn−1, Xn = sin v1 sin v2 . . . sin vn−2 sin vn−1.
Therefore, a parametrization of a rotational hypersurface Σn with radial axis η1 into R×f Rn is give by
φ : (t0, t1)× (0, 2pi)n−1 → R×f Rn
(s, v1, . . . , vn−1) 7−→ ζ(s)η1 + β(s)X(v1, . . . , vn−1),
(18)
where
X(v1, . . . , vn−1) = (0, X1(v1, . . . , vn−1), . . . , Xn(v1, . . . , vn−1)).
In this setting, we provide the following results.
Theorem 5.1. Let φ : Σn → R×f Rn be a rotational hypersurface with angle function |θ| < 1. Then,
Σn have a gradient Einstein type structure, if, only if the system of equation below is satisfied.
λ = −(n− 1)(1− θ2)(log f)′′(h)− (n− 1)(1− θ2) [(log f)′(h)]2 − (n− 1)θ
√
1− θ2
σ
(log f)′(h)
+
[
(n− 1)
(
θ[(log f)′(h)]−
√
1− θ2
σ
)
− θ
]
θ′√
1− θ2 − α
|τgu|2
1− θ2 − µ(1− θ
2)
(19)
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λ− f
′(h)
f(h)
− θ
(√
1− θ2
σ
− f
′(h)
f(h)
θ
)
= (n− 2)
(√
1− θ2
σ
− f
′(h)
f(h)
θ
)2
− (1− θ2)(log f)′′
+(θ2 − (n− 1))((log f)′)2 − f
′(h)
f(h)
θ
√
1− θ2
σ
− αdu(φvi)2
(20)
du(φs)du(φvi) = 0,(21)
du(φvi)du(φvj ) = 0, ∀i 6= j,(22)
(23) τgu =
√
1− θ2du(φu).
Proof. Since φ : Σn → R×f Rn is a rotational hypersurface, we deduce from (18) that
φs = ζ
′(s)η1 + β′(s)X,
φvi = β(s)Xvi , 1 ≤ i ≤ n− 1,
(24)
and then, the first fundamental form of Σn takes the form
I =

1 0 . . . 0
0 f(ζ(s))2β(s)2 . . . 0
...
...
. . .
...
0 0 . . . f(ζ(s))2β(s)2
 .(25)
From equation (25) we notice that the induced metric on Σn can be expressed by the warped product
metric g = ds2 + σ(s)2dv2 where σ(s) = f(ζ(s))β(s). In which case, it follows from the Levi-Civita
connection on the warped product metric that:
∇φsφs = 0,
∇φsφvi = ∇φviφs =
σs
σ
φvi ,
∇φviφvj = φvivj − σσsδijφs.
(26)
From the tangent components (24), we easily derive the following unit normal vector field for Σn
N = f(ζ(s))β′(s)η1 − ζ
′(s)
f(ζ(s))
X(v1, . . . , vn−1).
Hence,
(27) θ(s) = 〈∂t, N〉 = f(ζ(s))β′(s).
Since γ(s) = (α(s), 0, . . . , 0, β(s)) is parametrized by the arc length curve, i.e.,
ζ ′(s)2 + f(ζ(s))2β′(s)2 = 1.
From (27), we deduce ζ ′(s) =
√
1− θ(s)2, whose general solution is given by
(28) ζ(s) =
∫ √
1− θ2ds.
Then, replacing equation (28) into (27) and solving in s, we derive the following expression
(29) β(s) =
∫ s θ(w)
f(ζ(w))
dw.
Therefore, the rotational hypersurface takes the following form
φ =
(∫ s√
1− θ2ds
)
η1 +
(∫ s θ
f(ζ(w))
dw
)
X(v1, . . . , vn−1).(30)
Now, in order to compute the Weingarten operator AN , let us consider the following decomposition
(31) ∂t =
√
1− θ2φs + θN,
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Taking the covariant derivative of (31) with respect φvi , as well as the properties of the Levi-Civita
connection of R×f Rn (Proposition 7.35 in [27]), we arrive at
(32) ∇φviφs =
θ√
1− θ2ANφvi +
1√
1− θ2
f ′(ζ(s))
f(ζ(s))
φvi , ∀i ∈ {1, . . . , n− 1},
where we use the trivial result ∇X∂t = f
′
f (X − 〈X, ∂t〉∂t) for all X ∈ X(Σ). Combining (26) and (32),
yields
(33)
√
1− θ2σs
σ
φvi = θANφvi +
f ′(ζ(s))
f(ζ(s))
φvi ,
and therefore, from the expression of σ, we obtain that φvi is an eigenvector for AN and satisfies
(34) ANφvi =
(√
1− θ2
σ
− f
′(ζ(s))
f(ζ(s))
θ
)
φvi .
On the other hand, taking the covariant derivative of (31) with respect X ∈ X(Σ) and using the
Gauss-Weingarten formulas (2), we deduce the following implications
∇X∂t = X(
√
1− θ2)φs +
√
1− θ2∇Xφs +X(θ)N + θ∇XN
= X(
√
1− θ2)φs +
√
1− θ2∇Xφs +
√
1− θ2g(ANφs, X)N +X(θ)N − θANX,
and, again from the proprieties of the Levi-Civita connection of R×f Rn [27], it follows
f ′(ζ(s))
f(ζ(s))
(
X −
√
1− θ2g(X,φs)∂t
)
= X(
√
1− θ2)φs +
√
1− θ2∇Xφs +
√
1− θ2g(ANφs, X)N
+X(θ)N − θANX.
(35)
Comparing the tangent and the normal parts of (35), one gets that φu is an eigenvector for AN and
satisfies
(36) ANφs =
(
−f
′(ζ(s))
f(ζ(s))
θ − θ
′
√
1− θ2
)
φs
Therefore, from (36) and (34), we conclude that {φs, φv1 , . . . , φvn−1} form an orthogonal basis of AN
and its expression on that basis takes the form
AN =

−f
′(ζ(s))
f(ζ(s))
θ − θ
′
√
1− θ2 0 . . . 0
0
√
1− θ2
σ
− f
′(ζ(s))
f(ζ(s))
θ . . . 0
...
...
. . .
...
0 0 . . .
√
1− θ2
σ
− f
′(ζ(s))
f(ζ(s))
θ

.(37)
Now, since we are suppose that (Σn, g, h, u, µ, λ) to have a Einstein type structure, we obtain from
Proposition 2.1 that
Ricu(X,Y ) =
(
λ− f
′(h)
f(h)
)
g(X,Y ) +
(
µ+
f ′(h)
f(h)
)
dh⊗ dh(X,Y )− θg(A(X), Y ).(38)
Notice that, in particular cases X = φs, Y = φvi and X = φvi , Y = φvj , i 6= j, the orthogonality of
X, Y and the expression for the height function
(39) h(s, v1, . . . , vn) = (piR ◦ φ)(s, v1, . . . , vn) =
∫ s√
1− θ2ds,
implies that equation (38) become
(40) Ricu(φs, φvi) = 0,
and
(41) Ricu(φvi , φvj ) = 0,
for all i 6= j. Hence, it is necessary to check the equation (38) for a pair of fields X = Y = φs and
X = Y = φvi .
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For X = Y = φs, we obtain
Ricu(φs, φs) =
(
λ− f
′(h)
f(h)
)
g(φs, φs) +
(
µ+
f ′(h)
f(h)
)
dh⊗ dh(φs, φs)− θg(A(φs), φs)
= λ− f
′(h)
f(h)
+
(
µ+
f ′(h)
f(h)
)
(1− θ2)− θg
(
−f
′(ζ(s))
f(ζ(s))
θ − θ
′
√
1− θ2φs, φs
)
= λ+ µ(1− θ2) + θθ
′
√
1− θ2
.(42)
Now, for X = Y = φvi , with 1 ≤ i ≤ n− 1, we get
Ricu(φvi , φvi) =
(
λ− f
′(h)
f(h)
)
g(φvi , φvi) +
(
µ+
f ′(h)
f(h)
)
dh⊗ dh(φvi , φvi)− θg(A(φvi), φvi)
= σ2
(
λ− f
′(h)
f(h)
− θ
(√
1− θ2
σ
− f
′(h)
f(h)
θ
)) .(43)
On the other hand, we obtained from equation (5) and (8) that
Ricu(φs, φvi) = [(log f)
′(h)]2
(
|∇h|2 − (n− 1)
)
〈φs, φvi〉 − (n− 2)(log f)′′(h)〈φs,∇h〉〈φvi ,∇h〉
− f
′′
f
|∇h|2〈φs, φvi〉+ nH〈AN (φs), φvi〉 − 〈AN (φs), ANφvi〉 − αdu⊗ du(φs, φvi)
= −αdu(φs)du(φvi), ∀ 1 ≤ i ≤ n− 1.
(44)
Similarly, we have to
Ricu(φvi , φvj ) = −αdu(φvi)du(φvj ),(45)
for all i 6= j.
Using equations (5) and (8) again, we have to
Ricu(φs, φs) = [(log f)
′(h)]2
(
|∇h|2 − (n− 1)
)
〈φs, φs〉 − (n− 2)(log f)′′(h)〈φs,∇h〉〈φs,∇h〉
− f
′′
f
(h)|∇h|2〈φs, φs〉+ nH〈AN (φs), φs〉 − 〈AN (φs), ANφs〉 − αdu⊗ du(φs, φs)
= −(n− 1)(1− θ2)(log f)′′(h)− (n− 1)(1− θ2) [(log f)′(h)]2
− (n− 1)θ
√
1− θ2
σ
[(log f)′(h)] + (n− 1)
(
θ[(log f)′(h)]−
√
1− θ2
σ
)
θ′√
1− θ2 − α
|τgu|2
1− θ2 .
(46)
and,
σ−2Ricu(φvi , φvi) = (n− 2)
(√
1− θ2
σ
− f
′(h)
f(h)
θ
)2
− (1− θ2)(log f)′′
+ (θ2 − (n− 1))((log f)′)2 − f
′(h)
f(h)
θ
√
1− θ2
σ
− αdu(φvi)2.
(47)
Combining the equations (40) and (44), we obtain (21).
From equations (41), (45) we have (22). By (42) and (46) we derive (19). Finally, blending (43) and
(47) we arrive at (20). Note that the (23) equation can be obtained replacing ∇h in the second equation
of (10), and this concludes the proof of the theorem. 
The authors in [9] provide that the map smooth u of Ricci harmonic soliton in a warped product
Bn ×f Fm splits like u = uB ◦ piB or u = uF ◦ piF when h = hB ◦ piB and u is a real function, where
uB ∈ C∞(B), uF ∈ C∞(F ) and hB ∈ C∞(B). In this sense, we characterize rotational symmetric
gradient Einstein-type structures into I ×f Rn with angle function |θ| < 1 and potential function
h = piI ◦ φ.
Theorem 5.2. Let φ : Σn → R×f Rn be a rotational hypersurface with angle function |θ| < 1. Then,
Σn have a gradient Einstein-type structure if, only if the functions f, h, λ, µ, u verify:
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(i) If u = uI ◦ piI , then
λ =
f ′(h)
f(h)
+
(
θ + (n− 2)
(√
1− θ2
σ
− f
′(h)
f(h)
θ
))(√
1− θ2
σ
− f
′(h)
f(h)
θ
)
− (1− θ2)(log f)′′(h)
+(θ2 − (n− 1))((log f)′)2 − f
′(h)
f(h)
θ
√
1− θ2
σ
(48)
µ = −(n− 2)(log f)′′(h) +
[
(n− 2)√1− θ2θ
(1− θ2)σ − 1
]
(log f)′(h)− (n− 2)
σ2
− θ
√
1− θ2
(1− θ2)σ
− αe
2
∫ s√1−θ2dw
1− θ2 +
[
(n− 1)
(
(log f)′(h)θ −
√
1− θ2
σ
)
− θ
]
θ′
(1− θ2)3/2
(49)
(50) h =
∫ s√
1− θ2dw,
(51) u =
∫ s
e
∫ s√1−θ2dwdw.
(ii) If u = uRn ◦ piRn , then
λ =
f ′(h)
f(h)
+
(
θ + (n− 2)
(√
1− θ2
σ
− f
′(h)
f(h)
θ
))(√
1− θ2
σ
− f
′(h)
f(h)
θ
)
− (1− θ2)(log f)′′(h)
+(θ2 − (n− 1))((log f)′)2 − f
′(h)
f(h)
θ
√
1− θ2
σ
− α(u′)2
(52)
µ = −(n− 2)(log f)′′(h) +
[
(n− 2)√1− θ2θ
(1− θ2)σ − 1
]
(log f)′(h)− (n− 2)
σ2
− θ
√
1− θ2
(1− θ2)σ
+
[
(n− 1)
(
(log f)′(h)θ −
√
1− θ2
σ
)
− θ
]
θ′
(1− θ)3/2 + α(u
′)2
(53)
(54) u(vk) = c1vk + c2,
where c1, c2 ∈ R.
Proof. Initially, consider u = uI ◦ piI . So, the equation (23) of Theorem 5.1 becomes
(55)
u′′
u′
=
√
1− θ2.
Integrating (55) in relation to s, we obtain (51). Since du(φvi) = 0 we get the item (i) replacing (51)
in the (19) equation. Now, consider u = uRn ◦ piRn , by equation (22) we deduce that the smooth map u
depends of a unique vk for some k = {1, ..., n− 1}, in other words u is a function of R in R. Therefore,
by equation (23) we deduce that u(vk) = c3vk + c4, where c3, c4 ∈ R. The conclusion follow directly
from Theorem 5.1. 
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